Introduction
The dynamic performance of a machine tool is typically represented in terms of frequency response functions ͑FRFs͒ and stability lobe diagrams ͑SLDs͒ for chatter. Currently, after a machine is built, the FRFs of the machine are experimentally determined ͑e.g., see Ref. ͓1͔͒. This information is then combined with the cutting process information to analytically determine the SLD for the machine. The SLD determines the operating parameters ͑i.e., spindle speed and depth of cut͒ of the machine where the cutting process and structural vibrations are stable, and good machining quality may be obtained. However at the design stage, before construction of the machine, dynamic performance prediction is a difficult problem. Mode shapes for machine vibration and their corresponding natural frequencies are typically found by carrying out finite element analysis ͑FEA͒ of the machine tool. While an FEA is a well-established and accepted technique for the analysis of structural systems at the design stage, typically the nonlinearities in the machine are not taken into account.
Dynamic performance analysis of machine tools at the design stage is a challenge because of such nonlinear behavior. Most of the load and deflections observed in machine tools are taken up at the machine joints, which introduce nonlinearity to the overall structural dynamics. Thus, numerous investigations have been carried out to model the stiffness and damping characteristics typically found in machine joints ͑e.g., Refs. ͓2-4͔͒. Dynamic analysis of assembled structures may be carried out using the receptance coupling approach ͓5͔ or component mode synthesis ͓6͔. These techniques allow overall linear system dynamics to be analyzed based on the information of individual components. The nonlinear receptance coupling approach ͑NLRCA͒ was introduced to improve an algorithm originally proposed by Bishop and Johnson to include the effects of local nonlinearities like those introduced by machine joints ͓7͔. The receptance coupling approach has been extensively applied in machine dynamics for modeling linear connections between tool-tool holder-spindle assembly ͓8-10͔. NLRCA was used to propose a feasible design for reconfigurable machine tools ͑RMTs͒ from assumed design parameters and joint nonlinearities in Ref. ͓11͔ . That work, which considered the design of a table-top prototype RMT built by the Engineering Research Center for reconfigurable manufacturing systems at the University of Michigan, used assumed joint characteristics and did not consider calculation of SLDs for machine chatter.
The nonlinearities in a commercially available translational guide have previously been experimentally evaluated and these experiments, which are difficult because of the stiff nature of machine joints, have been described in detail in ͓12͔. This paper analyzes the effects of such nonlinearities in machine joints on an assumed, idealized machine structure. While the restoring force relationship for the joint was found, in Ref. ͓12͔, to have weak nonlinear stiffness, we show in this paper that this can lead to significant variation in magnitude and natural frequency of the machine structure's FRF. The effect on the SLD for typical milling operation parameters is also reported, and variations in the critical depth of cut for machine chatter and in the stability lobe regions with respect to spindle speed are observed. Thus, the contribution of this paper is to describe a systematic way to evaluate the effect of an experimentally determined nonlinearity in machine joints on the overall dynamic performance measures, i.e., FRFs and SLDs, of a machine tool structure using the nonlinear receptance coupling approach. The results show that even a weakly nonlinear joint can lead to significant changes from the linear case in both the FRFs and the SLDs. Because of such variations in locations of stability lobes with respect to spindle speed, it is difficult to design machines capable of cutting at desired oper-ating regions before they are built at the design stage. A real machine tool includes nonlinearities at numerous joints, as well as many other complicating factors, e.g., parametric excitation ͓13,14͔, centrifugal and gyroscopic effects ͓15͔, servo effects, and location of the spindle inside the machine workspace leads to changing machine dynamics during its operation. Consequently, a direct quantitative experimental comparison to the results for the idealized machine tool is not feasible. Nonetheless, such variations in FRFs and SLDs have been qualitatively verified by conducting the impact hammer tests on a machine tool at different levels of force input.
2 Modeling of Column-Spindle Machine Structure 2.1 Column-Spindle Machine Structure. The experimental identification of the nonlinear parameters of an industrial translational guide ͑Fig. 1͒ have been described in Ref. ͓12,16͔ using both a parametric technique based on Hertzian analysis and a nonparametric approach using Chebyshev polynomials.
A Bosch-Rexroth linear guide system: R1621, size 30 was chosen for those experiments. In this paper we use those results for demonstrating the effects of nonlinearity on a machine structure. The nonlinear parameters have been identified experimentally, in Ref. ͓12͔, by determining the restoring force as a function of relative displacement and relative velocity of the two components: runner block and rail of the translational guide. The nonlinear parameters obtained from the Hertzian analysis of the translational guide are used to generate the experimental static restoring force function and the curve is fitted with an approximate polynomial curve using the least square estimate ͑Fig. 2͒. The determined restoring force function ͑f res ͒ in terms of the relative displacement ͑x rel ͒ and relative velocity ͑ẋ rel ͒ observed at the joint is given as
where k 2l = 5.53ϫ 10 8 N/m; k 2q = −1.21ϫ 10 13 N/m 2 ; k 2c = 5.4 ϫ 10 17 N/m 3 , and c 2 = 503 Ns/ m gave a correlation factor of 0.9995 with the Hertzian curve. It may be observed from both Eq. ͑1͒ and Fig. 2 that the joint is weakly nonlinear in stiffness. Within the observed range of displacements and velocity in this work, the linear terms account for over 92% of the restoring force.
Translational guides are among the most common joints in machine tool structures. These joints are also present in the arch-type RMT developed at the Engineering Research Center for Reconfigurable Manufacturing Systems at the University of Michigan ͓1͔. A set of translational guides forms the connection between the spindle housing and the ram plate and provides the motion in Z direction ͑3͑a͒͒. A column-spindle head machine configuration ͑3͑b͒͒ may be considered as a simple representation of the described configuration of the arch-type RMT. The column-spindle machine configuration is used here to demonstrate the effects of nonlinearities in the translational guide on the machine dynamics performance. The feed motion during the cutting operation is provided by the worktable. The experimentally obtained restoring force function for the translation guide is assumed to form the nonlinear joint relationship between the column and the spindle in both the feed ͑X͒ and cross-feed ͑Y͒ directions.
NLRCA for Modeling Column-Spindle Machine
Structure. The nonlinear receptance coupling approach based on describing functions and outlined in Ref. ͓7͔, represents the system response of a "post-coupled system" to various input excitations based on relations determining response of the "precoupled system" to various input excitations. While the equations for the precoupled system describe the system response before an assembly is made, the equations for the post-coupled system describe the system after the assembly is made. Physically, the postcoupled system will include all the modules of the precoupled system along with all the "connections." The local nonlinearities that may be contained within the connections are approximated by describing functions to represent them in the frequency domain.
Two coordinate sets are defined for this approach: internal coordinate set and connection coordinate set. While those coordinates related to "connections" are in a connection coordinate set, the coordinates not related to "connections" are in an internal coordinate set. The connection coordinates are always the union of a pair of coordinates ͑p j , q j ͒, which represent the locations across a connection. Index j refers to the jth connection among a total of M. In the following equations lowercase indices are used to represent the precoupled configuration, while uppercase indices are used to represent the post-coupled configuration. The precoupled response of the system is defined through the receptance matrices of the system and given by
where H mn is the receptance matrix between the coordinate sets m and n.
In the post-coupled system, the response can be written as Transactions of the ASME
showed that the post-coupled relationship ͑Eq. ͑3͒͒ can be expressed in terms of precoupled receptance matrices as
where
G nj is the describing function ͑e.g., Ref. ͓17͔͒ representation for the local nonlinearities in the connections. Because of the symmetric placement of ball bearings in the translational guide, the joint has the same nonlinear restoring force relationship in both the feed and the cross-feed directions for the column-spindle machine structure ͑Fig. 3͑b͒͒. For this machine structure, it is assumed the feed direction represents the bending direction for the column and may be represented by a single degree-of-freedom system with equivalent mass, stiffness, and damping as m 1 , k 1 , and c 1 . However, the column is in compression in the cross-feed direction and is, therefore, approximated as a rigid body attached to ground. The spindle unit is usually much smaller and more rigid and can, therefore, be approximated as a rigid body of mass m 2 . Figure 4 describes the representation of the column-spindle machine structure as a massspring-damper system. Here the dynamics of the column have been approximated using a single degree-of-freedom system with equivalent mass, stiffness, and damping as m 1 , k 1 , and c 1 . Thus, there are two modules M1 and M2 and the translation guide form the joints J1 and J2 in the feed and cross-feed direction as represented schematically in Fig. 5 . Internal and connection coordinates may be defined as i = ͕0͖ and c = ͕1,2͖, where 0 represents ground, and 1 and 2 represent locations on m 1 and m 2 , respectively. Thus, p = ͕1͖ and q = ͕2͖.
From Fig. 4 , we can determine the following relations for our system 
The describing function representation for the joint nonlinearity in Eq. ͑1͒ may be obtained by assuming the input excitation of x rel = A sin t as
The functions described, G n1 and G n2 , from Eq. ͑8͒ in the expression for the connection term B in Eq. ͑5͒, along with receptance values in Eq. ͑7͒, can be substituted in Eq. ͑4͒ to get the following nonlinear equation governing the system dynamics
Note that the first equation in the system of equations described by Eq. ͑4͒ refers to the response of the internal coordinates, which in our case is only the ground. The equation is therefore trivial, and not shown in Eq. ͑9͒. The following sections describe the differences in the dynamic response at the tool point ͑i.e., x 2 and y 2 ͒ observed as the input forces ͑f 2x and f 2y , respectively͒ are varied.
Nonlinear Frequency Response Functions
The dynamic characterization of the arch-type RMT ͑see Fig.  3͑a͒͒ is described in Ref. ͓1͔ . The FRF plots of the machine have a common characteristic which many machine tools share, i.e., natural frequencies are concentrated at the lower structural frequencies ͑e.g., Ͻ100 Hz͒ and at higher frequencies ͑e.g., 250-800 Hz͒ which often come from the tool-tool holder-spindle assembly ͑e.g., see Ref. ͓1͔͒. To represent such dynamic characteristics, similar natural frequencies are chosen for the assumed machine structure in Fig. 4 . The parameters m 1 = 500 kg, c 1
in the feed direction and 483 Hz in the cross-feed direction when nonlinear terms are neglected.
The response of the nonlinear system, unlike the linear system, depends on the input excitation. It is, therefore, important to estimate the magnitude of input excitation that may be experienced by such a machine structure. Figures 6͑a͒ and 6͑b͒ show the cutting forces measured during the full immersion milling operation of AISI 1018 steel on the arch-type RMT when operated close to the stability limit. The milling operation was done by a square shoulder end mill with four carbide inserts at a depth of cut of 5.6 mm and spindle speed of 1500 rpm and 1450 rpm, respectively. The cutting operation in Fig. 6͑a͒ shows the cutting forces in a milling operation due to the strong component of the signal at the tooth-pass frequency, while Fig. 6͑b͒ shows a cutting force signal coming from a system with significant vibration due to machine chatter. Figures 7͑a͒ and 7͑b͒ show the fast Fourier transform ͑FFT͒ of the measured cutting force. The cutting forces during the milling operation consist of forces arising from two main sources. The first source is due to the commanded feed rate for removing the material. This force component introduces the force magnitude at the tooth-pass frequency, the spindle run-out frequency, and their harmonics. The other source of cutting force is due to the dynamic vibration of the machine tool, which introduces a component of the measured cutting force near the dominant natural frequency͑s͒ of the machine tool. The presence of machine chatter during cutting operation may be verified from cutting force measurement if the component of force due to dynamic vibrations during cutting near one of the natural frequencies of the machine structure in the FFT plot is more significant than the component of force due to the commanded feed rate at the tooth-pass frequency ͑this is true if the workpiece and fixture assembly is much more rigid than the spindle side of the machine tool͒. For the cutting operation shown in Fig. 6 , the excitation force at the tooth-pass frequency is on the order of 100 N in the feed direction. Chatter is caused when the system becomes unstable for an input excitation near one of the natural frequencies of the structure. Thus, the component of the force at this frequency increases and becomes more significant than the cutting force component at the tooth-pass frequency. Therefore, we assume that the input excitation at this frequency is also on the order of 100 N.
It should be noted that while the maximum force observed in cutting can be quite large ͑e.g., 1500 N in the observed milling experiment͒, the response of the machine tool is primarily determined by the excitation frequencies close to the natural frequencies of the machine tool. Therefore, the nonlinearities in structure primarily affect the machine dynamics near its natural frequencies. Thus, the component of the force close to natural frequency of the structure is important. Therefore, to understand and quantify the variations in FRFs and SLDs of the machine structure due to nonlinearities in the machine joints, the FRFs and SLDs are plotted here at force levels of 1 N, 10 N, and 100 N. The NLRCA ͑Eq. ͑9͒͒ converts the nonlinear differential equations into nonlinear algebraic equations which have to be solved within the frequency range of interest to get the nonlinear FRFs for the system. The Newton-Raphson method was used to solve these nonlinear equations for every frequency value of . Figures 8͑a͒ and 8͑b͒ show the evaluated FRFs, H 2X2X ͑i͒ and H 2Y2Y ͑i͒, for a system with assumed parameters and the input force of 1 N, 10 N, and 100 N. It may be seen that the nonlinearity in the joint affects only the second mode in the feed direction, as expected. The first mode primarily arises due to the bending of the column. The nonlinearity in the joint has little influence on this mode as the column has a much larger mass than the spindle. The cross-feed direction has only one mode which arises due to the joint and the effects of nonlinearity can be seen on it.
Within the input force range of 1 -100 N, the natural frequency Transactions of the ASME for the second mode in the feed direction changes within the range of 477-545 Hz ͑a 14% change͒, and the maximum amplitude for the second resonance peak changes from 0.322 m/N to 0.282 m/N ͑a 12% change͒. At higher input excitation, a higher stiffness is observed, which increases the natural frequency and brings down the FRF magnitude at the second mode. Similar significant effects on the FRF can be observed in the cross-feed direction response also.
Nonlinear Stability Lobe Diagrams
The feed and cross-feed FRFs derived in Sec. 3 can be used along with cutting process information for deriving the SLDs for various input excitations. The cutting process is assumed to be the same as in Ref. ͓1͔ which describes the end-milling cutting test with AISI 1018 steel with a four-insert cutter. The cutting coefficients K tc , K te , K rc , and K re were experimentally evaluated in Ref. The constants K tc and K rc arise due to the shearing action in the tangential and radial directions respectively. K te and K re are the corresponding edge constants. The stability lobes are evaluated using the algorithm described by Ref. ͓18͔, where the compliance in the feed and cross-feed direction, H 2X2X ͑i͒ and H 2Y2Y ͑i͒, is found using the nonlinear receptance coupling approach. Figure 9 shows the stability lobes generated for the nonlinear FRFs. The stability lobes are generated for only the mode associated with the deflections of the spindle and column connection. The first mode, which relates to bending of the column, does not affect this SLD in the spindle speed range shown. Changes in stability and instability pockets can be observed as the input excitation force is varied on the machine system. The stability lobes become wider and cover higher RPM ranges for large input excitation ͑e.g., 100 N͒. This results in an uncertainty of as much as 5% in the spindle speed when determining the location of stability lobes. The stability lobes move towards larger RPM because of the overall stiffening nature of the joint because natural frequencies associated with the joint become larger as the input excitation is increased. This variation in stability lobe is consistent with the uncertainty in predicted stability lobes outlined by some of the commercial software for generating analytical stability lobes ͓19͔. A marginal increase in minimum depth of cut around 3.08 mm is due to the smaller amplitudes observed at this mode observed in the FRF at higher excitation forces. As demon-strated by operating locations, ͑points A and B in Fig. 9͒ , linear analysis may yield acceptable results for the minimum depth of cut to observe chatter, and the nonlinearity in the joints can contribute to significant uncertainty while operating inside one of the stability pockets. If a machine is to be operated below the minimum depth of cut to observe chatter, ␣ lim ͑e.g., point A in Fig. 9͒ , then the linear model may give reasonable results. But to design the machine to cut at high depth of cuts at the design stage ͑e.g., point B in Fig. 9͒ , nonlinear modeling of joints to evaluate machine dynamics needs to be explored. This is illustrated in Fig. 9 by point B, where simulation predicts chatter for input excitation of 100 N, but indicates a stable cutting operation for input excitation of 1 N.
Comparison With Impact Hammer Test on a Machine Tool
An actual machine tool includes several joints, as well as numerous other sources of nonlinearities. Also during the cutting process, dynamic variations of the machine tool can be observed due to several other factors, e.g., parametric excitations, servo dynamics, centrifugal and gyroscopic effects, etc. A comprehensive analysis of nonlinearities observed in machine tools is, therefore, beyond the scope of this paper. However, in this section a qualitative comparison is presented between the results in Sec. 4 Transactions of the ASME and the variation of the FRF observed during an impact hammer test at a different excitation amplitude. For simplicity, only the variation in FRF in the feed direction of the machine tool is presented. The evaluated stability lobes consider the variations in this FRF only, while assuming the cross-feed direction to be rigid. For a more complete analysis of this machine tool, the reader is referred to Ref.
͓1͔.
The effect of nonlinearities on the structural FRFs shown in Fig. 8 can also be observed by doing hammer tests on the machine tool. The bandwidth of the chosen impact hammer was around 1000 Hz, and the near unity value of coherence in the frequency range of interest indicates good measurement quality. Figure 10 shows the structural FRFs of the arch-type RMT obtained at the spindle housing from an impact hammer test at different peak impact levels. The FRF at the "soft" hit level was evaluated for the impact hammer test at a peak impact force of about 600 N, the "medium" hit level at a peak impact force of about 1500 N, and the "hard" hit level at a peak impact force of about 3000 N. Impact hammer test differs from the simulation done in the previous sections as the excitation force is spread over a large range of frequencies. However, results in Fig. 8 assume that the entire excitation force is concentrated at one harmonic input and this excitation force remains constant for each FRF curve plotted. In an impact test, even if the peak force magnitude is around 3000 N, the excitation force at any particular frequency is only on the order of a few Newtons. Nonetheless, variations in the FRFs are observed around all natural frequencies within the range of 400-800 Hz. Similar variations in structural FRFs were also reported by other researchers ͓20͔. Figure 11 shows the stability lobes of the Arch Type RMT due to natural frequencies from 400 Hz to 800 Hz. Similar to the results obtained from the spindle-column machine structure, the stability lobes of the arch-type RMT show variation in the location of stability lobes. The depth of cut obtained from different FRFs is almost identical. This is similar to the stability lobes obtained for the column-spindle machine assembly SLD ͑Fig. 9͒.
Discussion
The results in Secs. 3 and 4 illustrate that even small nonlinearities can have a significant effect on the dynamic characteristics of a machine tool. The restoring force, f res = f res_nl + f res_l , where f res_nl and f res_l are the contributions from the linear and nonlinear terms, respectively. At 100 N input excitation the f res_nl contributes less than 8% of the total restoring force f res in the frequency range of interest. However, the variations observed in the natural frequency and the magnitude at the mode influenced by this nonlinearity is around 14% and 12%, respectively. This in turn leads to significant uncertainty in the locations of stability lobes ͑see Fig. 9͒ .
Our results indicate that a linear model may be used to determine the minimum depth of cut to observe chatter, ␣ lim . However, there is significant uncertainty in the location of the stability lobes obtained from the linear model, as the stability lobes move considerably with respect to the spindle speed at different input excitation levels. Therefore, if a machine is to be operated below the minimum depth of cut to observe chatter, ␣ lim ͑e.g., point A in Fig.  9͒ , the linear model may give reasonable results. But to design the machine to cut at high depth of cuts at the design stage ͑e.g., point B in Fig. 9͒ , nonlinear modeling of joints to evaluate machine dynamics needs to be explored. This is illustrated in Fig. 9 by point B, where chatter is predicted for input excitation of 100 N, but no chatter is predicted for input excitation of 1 N.
Finally, the variation in dynamic characteristics in a machine tool has been shown qualitatively from the impact hammer tests at various force magnitudes on the arch-type RMT. In the impact test the excitation force is distributed over a large frequency range and the excitation at any particular frequency is only on the order of a few Newtons, even though the peak force during the impact can be up to 3000 N. Still, significant variations in the predicted dynamic characteristics of the machine tool can be observed in terms of its FRFs and SLDs.
Summary and Concluding Remarks
This paper describes a systematic approach to understand the variations in the dynamic performance of a machine tool at the design stage, using nonlinear description of joints along with receptance data of individual structural components. The joint nonlinearities considered were evaluated experimentally for a linear translation guide in Ref. ͓12͔ . This paper uses the describing function representation for the evaluated nonlinearity along with the nonlinear receptance coupling approach to evaluate the variations in FRF of a simple column-spindle machine tool as the input excitation is varied within the range of input forces typical of full-immersion end milling. The nonlinear FRFs are then used to evaluate the SLDs for each input excitation level. The contribution of this paper is to show that even weak nonlinearities in machine joints can cause significant variations in the dynamic characteristics of the machine tools. To show this a systematic approach to evaluate the FRFs and SLDs of an assumed machine structure has been used. Finally, it has been shown that such varia- tions in dynamic characteristics may also be observed while carrying out the impact hammer test for a machine tool at different force amplitudes.
